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Abstract 

Global navigation satellite system (GNSS) is generally used for Global positioning. GNSS signal suffers from multipath 

and non-line-of-sight (NLOS) in dense urban areas. The measurements of GNSS depend on the environment, and it is time-

correlated. Filter-based methods typically cannot investigate the time-correlation between historical measurements. 

Moreover, the filter-based approach is influenced by unexpected outlier measurements. Inertial navigation system (INS) 

provides navigation information at high frequency which becomes inaccurate over time. In this paper, we propose a factor 

graph (FG) based GNSS positioning system which integrates the Doppler shift with the GNSS-INS positioning system. FG 

is a bipartite undirected graph which can consider historical measurement thus, suitable to minimize positioning error in 

the urban multipath scenario. 

I. Introduction 

GNSS signal is affected by multipath and non-line-of-

sight (NLOS) due to environmental attenuation factors 

and manmade obstacles which degrades the signal. As a 

result, a huge error is induced in positioning solutions. 

However, the inertial navigation system (INS) is less 

induced on environmental conditions but accumulates 

error over time. So, the GNSS and INS are 

complementary, and their fusion is addressed in several 

research [1]. Extended Kalman filter (EKF) based system 

achieved the optimal estimation when the first-order 

Markov chain is considered, and random noise is in 

Gaussian distribution. However, GNSS measurements 

are non-Gaussian and highly time-correlated in dense 

urban areas. As a result, EKF based sensor fusion fails to 

obtain optimal results in this area. Factor graph 

optimization (FGO) is a probabilistic graphical model 

that contains various nodes related to system states and 

various measurement factors. FGO showed potential in 

sensor fusion in various challenging GNSS scenarios. As 

GNSS measurements are time correlated, using FGO we 

can take the full advantage of historical data. We present 

the GNSS based positioning as a factor graph considering 

pseudorange, motion model, INS and Doppler shift as 

factors. To get the optimal state Levenberg-Marquardt 

(LM) method can be used. 

II. System Model  

GNSS system integrates the pseudorange measurement 

and INS system for more accuracy. Noisy and NLOS 

GNSS signal has significant pseudorange error which 

degrades the performance of GNSS-INS system. We can 

utilize doppler shift measurement to calculate the receiver 

position in this regard. In FGO all measurements are 

treated as factors. To improve the accuracy of the GNSS-

INS system we introduce doppler shift measurement as a 

factor. The system model is shown in Figure 1. 

 

Figure 1:System model for doppler shift integrated GNSS-INS 

positioning using FGO. 

III. Proposed Method 

In our research, we have considered 4 factors in the 

factor graph (FG): INS factor, motion model factor, GNSS 

pseudorange factor, and Doppler shift factor using 

Mahalanobis norm. The optimal state of FG can be defined 

as [2] 

𝐗̂ = argmin
x

(∑ ∥ ℎ𝑗(𝐱𝑗) − 𝐳𝑗 ∥𝚺𝑗

2
𝑗 ),              (1) 

where ℎ𝒋(𝐱𝒋)  is the observation function of state 𝐱𝒋 

associated with measurement 𝐳𝒋 . The FG using Doppler 

shift integrated GNSS-INS positioning system is shown in 

Figure 2. 

 

Figure 2: Doppler shift with GNSS-INS positioning system 

using FGO. 

INS factor: The error function for INS acceleration 

measurements can be formulated as follows 
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∥ 𝐞𝑘
𝑖𝑛𝑠 ∥

𝚺𝑘
𝑖𝑛𝑠

2 =∥ 𝐱𝑘 − ℎ𝑖𝑛𝑠(𝐱𝑘−1, 𝐀𝑘
𝑒𝑐𝑒𝑓

) ∥
𝚺𝑘

𝑖𝑛𝑠
2 ,            (2) 

where ℎ𝑖𝑛𝑠(𝐱𝑘−1, 𝐀𝑘
𝑒𝑐𝑒𝑓

) =

[
 
 
 𝑣𝑘−1,𝑟,𝑥

𝑒𝑐𝑒𝑓
+ 𝑎𝑘,𝑥

𝑒𝑐𝑒𝑓
. ∆𝑡

𝑣𝑘−1,𝑟,𝑦
𝑒𝑐𝑒𝑓

+ 𝑎𝑘,𝑦
𝑒𝑐𝑒𝑓

. ∆𝑡

𝑣𝑘−1,𝑟,𝑧
𝑒𝑐𝑒𝑓

. +𝑎𝑘,𝑧
𝑒𝑐𝑒𝑓

∆𝑡 ]
 
 
 

, 𝐱𝑘  is 

the position state of the receiver at epoch 𝑘, 𝐀𝑘
𝑒𝑐𝑒𝑓

 is the 

acceleration measurement form inertial measurement unit 

(IMU) in global coordinate, 𝚺𝑘
𝑖𝑛𝑠 is the error covariance. 

Motion model factor: The error function of the motion 

model yields 

∥ 𝐞𝑘
𝑚𝑚 ∥𝚺𝑘

𝑚𝑚
2 =∥ 𝐱𝑘 − ℎ𝑚𝑚(𝐱𝑘−1) ∥𝛴𝑘

𝑚𝑚
2 ,         (3) 

where ℎ𝑚𝑚(𝐱𝑘−1) =

[
 
 
 
 
 𝑥𝑘−1,𝑟

𝑒𝑐𝑒𝑓
+ 𝑣𝑘−1,𝑟,𝑥

𝑒𝑐𝑒𝑓
. ∆𝑡

𝑦𝑘−1,𝑟
𝑒𝑐𝑒𝑓

+ 𝑣𝑘−1,𝑟,𝑦
𝑒𝑐𝑒𝑓

. ∆𝑡

𝑧𝑘−1,𝑟
𝑒𝑐𝑒𝑓

+ 𝑣𝑘−1,𝑟,𝑧
𝑒𝑐𝑒𝑓

. ∆𝑡

𝑩𝑘−1,𝑟
𝑖𝑛𝑠 𝑇

]
 
 
 
 
 

, 𝑩𝑘−1,𝑟
𝑖𝑛𝑠  is the 

accelerometer bias in INS frame. 

GNSS pseudorange factor: The error function for 

pseudoarange measurement is 

∥ 𝐞𝑘,𝑖
𝜌

∥
𝚺𝑘,𝑖

𝜌
2 =∥ 𝜌𝑘,𝑖 − ℎ𝐺𝑁𝑆𝑆(𝐒𝐕𝑘,𝑖 , 𝐗𝑘,𝑟

𝑒𝑐𝑒𝑓
, δ𝑘,𝑟

𝑐𝑙𝑜𝑐𝑘) ∥
𝚺𝑘,𝑖

𝜌
2 ,      (4) 

where ℎ𝐺𝑁𝑆𝑆,𝑇𝐶(𝐒𝐕𝑘,𝑖 , 𝐗𝑘,𝑟
𝑒𝑐𝑒𝑓

, 𝛅𝑘,𝑟
𝑐𝑙𝑜𝑐𝑘) =

[
 
 
 
 
 
 ∥ 𝑺𝑽𝑘,1 − 𝑿𝑘,𝑟

𝑒𝑐𝑒𝑓
∥ + 𝜹𝑘,𝑟

𝑐𝑙𝑜𝑐𝑘

∥ 𝑺𝑽𝑘,2 − 𝑿𝑘,𝑟
𝑒𝑐𝑒𝑓

∥ + 𝜹𝑘,𝑟
𝑐𝑙𝑜𝑐𝑘

…

∥ 𝑺𝑽𝑘,𝑖 − 𝑿𝑘,𝑟
𝑒𝑐𝑒𝑓

∥ + 𝜹𝑘,𝑟
𝑐𝑙𝑜𝑐𝑘

…

∥ 𝑺𝑽𝑘,𝑁 − 𝑿𝑘,𝑟
𝑒𝑐𝑒𝑓

∥ + 𝜹𝑘,𝑟
𝑐𝑙𝑜𝑐𝑘

]
 
 
 
 
 
 

, 

𝐒𝐕𝑘,𝑖  is the 𝑖𝑡ℎ  satellite position at epoch 𝑘, 𝜹𝑘,𝑟
𝑐𝑙𝑜𝑐𝑘  is the 

receiver clock bias. 

Doppler shift factor: The error function for doppler shift 

measurement is 

∥ 𝐞𝑘,𝑖
𝐷 ∥

𝚺𝑘,𝑖
𝐷

2 =∥ 𝜆𝑖𝐷𝑘,𝑖 − ℎ𝐷(𝐒𝐕𝑘,𝑖 , 𝐱𝑘, δ̇𝑘,𝑟
𝑐𝑙𝑜𝑐𝑘) ∥

𝚺𝑘,𝑖
𝐷

2 ,        (5) 

where ℎ𝐷(𝑥𝑘
𝑠, 𝑥𝑘 , δ̇𝑘,𝑟

𝑐𝑙𝑜𝑐𝑘) = [𝑣.
𝐒𝐕𝑘,𝑖−𝐱𝑘

∥𝐒𝐕𝑘,𝑖−𝐱𝑘∥
] , 𝐷𝑘,𝑖  and 𝜆𝑖  is 

the wavelength and doppler shift for 𝑖𝑡ℎ  satellite 

respectively at epoch 𝑘, 𝑣  is the relative velocity, δ̇𝑘,𝑟
𝑐𝑙𝑜𝑐𝑘  

receiver clock drift. The optimal state 𝐗 =

{𝐱1, 𝐱2, … . . , 𝐱𝑘, . . } is obtained by solving the following 

equation: 

𝐗∗ = argmin∑ ∥ 𝐞𝑘,𝑖
𝜌

∥
𝚺𝑘,𝑖

𝜌
2 +𝑖,𝑘 ∥ 𝐞𝑘,𝑖

𝐷 ∥
𝚺𝑘,𝑖

𝐷
2 +∥ 𝐞𝑘

𝑚𝑚 ∥𝚺𝑘
𝑚𝑚

2 +∥ 𝐞𝑘
𝑖𝑛𝑠 ∥

𝚺𝑘
𝑖𝑛𝑠

2
  

(6) 

IV. Conclusion 

Nowadays positioning is essential nowadays in many 

tracking and control system. GNSS system is mostly 

used for global positioning. In this paper, we have 

realized FGO method considering four different factors. 

To overcome the limitations of present GNSS-INS 

positioning system, we have introduced doppler shift as 

a factor in factor graph.  

ACKNOWLEDGEMENT 

This work was supported in part by the Institute of 

Information & communications Technology Planning & 

Evaluation (IITP) grants (No.2018-0-01424), and in part 

by the BK21 FOUR program (No.5199991514504). 

REFERENCES 

[1]   M. G. Petovello, “Real-time integration of a tactical-grade 

IMU and GPS for high-accuracy positioning and 

navigation”, 2003. 

[2] W. Wen, T. Pfeifer, X. Bai, and L.T. Hsu, “Factor graph 

optimization for GNSS/INS integration: A comparison with 

the extended Kalman filter,” Navigation, vol. 68(2), pp. 315-

331, 2021. 

 

2023년도 한국통신학회 동계종합학술발표회

0472




